h→0
f (z + h) − f (h) h exists. This limit is denoted by f (z).
• Analytic function. Let U be an open subset of C and f : U → C. We say that f is analytic on U if f is analytic at each point of U , i.e. f (z) exists for every z in U .
• Connected domain. An open set U is called connected if any pair of points in it can be joined by a continuous curve that lies entirely in U .
• Simple closed curve. A continuous curve is called simple closed if the initial and terminal points are the same, and otherwise never crosses itself.
• Simply connected domain. An open set U is called simply connected if it is connected and any simple closed curve in U can be continuously shrunk to a point without leaving U .
• Bounded domain. An open set U is called bounded if there exists a real number M such that |z| ≤ M for every z in U .
• Harmonic function. Let U be open in C. A real-valued function h : U → R is called harmonic on U if its Laplacian is 0 at every point of U , i.e. h xx + h yy = 0 throughout U .
• Harmonic conjugate. Let U be an open subset of C and u harmonic on U . A real-valued function v on U is called a harmonic conjugate of u if u + iv is analytic on U .
• Argument. Let z = x + iy be a complex number not equal to 0. Then the argument of z, denoted by arg(z), is the set of angles which the line segment joining 0 to z makes with the positive real axis, where the angle is taken to be positive if the angle is traversed counterclockwise and negative if traversed clockwise.
• Principle value of the argument. Let z = 0. The principle value of the argument of z, denoted by Arg(z), is the unique member of arg(z) which lies in the interval (−π, π].
• Bounded function. Let U be open and f : U → C. We say that f is bounded if there exists a real number M such that |f (z)| ≤ M for all z in U .
• Entire function. A complex valued function is called entire if its domain is C and it is analytic on C.
• log, Log, and exp. For x + iy = z = 0, log(z) is defined to be log |z| + i arg(z), Log(z) = log |z| + i Arg(z), and e z = e x (cos y + i sin y). The exponential function is entire, and Log is analytic on any subset of C in which a ray (i.e. a half-line) starting from 0 has been removed from C.
• sin, cos, sinh, cosh. These are all entire, and defined as follows: sin z = e iz − e 
Some Theorems
• Theorem. Let U be open and f : U → C. Then f is analytic on U if and only if the Cauchy-Riemann equations hold throughout U , i.e. u x = v y and v x = −u y , where u is the real part of f and v is the imaginary part of f .
• Theorem. Let U be open and f analytic on U . Then the real part of f and the imaginary part of f are both harmonic on U .
• Theorem. Let U be open and u harmonic on U . If U is simply connected, then u has a harmonic conjugate.
• The ML-inequality. Let C be a curve in C and f (z) defined for all z in C. Then
where M is a real number such that |f (z)| ≤ M for all z on the curve, and L is the length of C.
• Cauchy's Theorem. Let U be a simply connected domain and f analytic on U . Let C be a simple closed curve in U . Then C f (z) dz = 0.
• Cauchy's Integral formula. Let U be a simply connected domain and f analytic on U . Let C be a simple closed curve in U . Let z 0 be a point in the open region enclosed by C. Then
and more generally,
for any nonnegative integer n.
• Liouville's Theorem. Any entire function which is bounded is necessarily constant.
• The Fundamental Theorem of Algebra. Let n be a nonnegative integer and p(z) = a 0 + a 1 z + z 2 z 2 + · · · + a n z n a polynomial of degree n with complex coefficients. Then p has at least one complex root.
• Mapping property of LFT's. Let f (z) = (az + b)/(cz + d) be a LFT. Then f maps any line to either a line or circle, and it maps any circle to either a line or circle.
